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s 6.1 : Force Field
nace each |
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£ any domain of 8 o phe
If 1« lomari s al

MIASS .fh'."t'ff HPOT, then the
The force per unit mass

Equation of Pressure

§ 6.2 : A mass f{fﬂ”fff _=’I*"' |
the pressute at any point of the fluid.

P (x, v, z) be the co-ordinates of
a point P 1n the fluid, referred to
rectangular axes. Take a point ()
verv nearer to P, such that PQ 1s
paréllel to the axis of x. Let the
co-ordinates of Q be (x + 0x, v, 2).

Construct a small cylinder (or
prism) about axis PQ having its
plane ends perpendicular to PQ.

Let o be the area of either plane
end of the cylinder. Also let p be the
pressure at P and p+dp, the
pressure at (). Therefore thrust at the

plane end at P is por and that at Q is
(7 +0p) o

Now letp be the mean density of the cylinder PQ; then

article 15 SHE
led field of force.

is called the intensity ¢

at rest under the aciion of glven forces
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1\ 11.]"'Hr_ = ¢l s Bl fhp!‘lﬂﬂw

r".f’l-."r ted to d for

f the field

Fig. 160
mass of the cylinder

= poLOx.

It X,Y, Z be the components

Thus the cylinder is in i
along PO, and (111) (7 + op)

the cylinder, we have

_ of the g;
the cylinder paralle] to the x- axis is Xpor 5 fl‘v"en force

(h = Bp) { :pa + X&p 6]:

PEr unit mass, then the force on

(1) pa along PQ, (ii) Xop o
gure; thus for equilibrium of

R i
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and the element 0g in the direction of z Increasing |
NnoL. 0 . mﬂ_
| dp 07, (3) . _
02 xh
Now since p 18 a function of r, pand z, we have \H
dp dp dp /) Wy
dp = ~~dr 4 dd 4 (7 - N
dr i 02 g
o From (1), (2) & (3). we get, -
dp =p [P dr +rT dp+ Z dz _ . . _.. i
This is the required pressure equation in cylindrical coordinates
Polar Co-ordinates i
§ 6.5 : Pressure at a Point in Po -
4
Letr, 8, ¢ be the polar co-ordinates ‘

of a point P in the fluid and R, N, T be
the component forces per unit mass in
the directions of r, 0, ¢ mereasing i.e.,
along PA, PBand PC respectivelyy.

The force R is along OP, the
element 8s along it being &r,

* Alréden 4] _
dp
Sih, sEaop - X |
dr P (1) _ g -
The force N s along 0 | N
increasing, i, along PB, the - . = rgin DR
element ds along it being r §6. valty g :EL
Fig. 163
p m_b:. = mwm \ ¥
x o PN  or 50 pri. ) N
Again the f . i e 3
&_.mﬂma_._ wE.MmWM”eM&E 2loneny Hereasing, ie., Eﬂ:m PC, the element §s in this _-—
dp :
rsinGop T .
or dp o th
” ap | SIn@pT. 3
oW as pis the function of r, 0
dp = o dr + 9p 46 dp e have from (1), (2) & (3) |
I 00" g WP RAr + 1N gy i Tdg] |
ie |
iy dp = PR + e
This is the required pre ( FNAO + 1 sing Tdo) L

Ssure ¢ lon |
Suation jp polar Coordinates
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6.7 : Pressure 4 uat _

w that the pressure at a m.:_:: (x, 1/,2)18

} ! i | i

:cy =2 :m dx + Y ::___ﬂ L Z AZ)
the ﬁ:..:_:“ (1

! f.h.., _H [ 1

o is the density of the liquid at

where

component forces per unit mass.

i« constant ; thus from (1)
Now if a :L:E is homogeneous, P15 constant ; thus | o
| M w
Xdx+Ydy+Zdz= _w dp =d t

C

ie., Xdx+Ydy+ Z dzisa perfect differential e
Butif Xdx +Ydy+Zdzisa perfect differential, Em_“ _ le syste
: I . > 11 el
to be conservative. Therefore a :oEomm:wo:m._E:i will be 1n ! |
the system of forces is conservative. Thus in this case we may Wiit

Xdx +Y &,ﬁ +7Zdz=-=dV Q\ _wm:._m ﬁawmz_.mm_ D.._._J_ﬁ:__.,::;

- P — _ 4V from ()
p

Integrating, L V= (const. of integration).

P
Note : When p = constant, i.e., when the liquid is homogeneous, we h:
(4) and (5) of § 6- 6, the conditions of equilibrium as
9Z _dY 9dX 9Z Y 09X
oy 0z 9dz ox’'ox a9y

variables x, y, z. In this cas th | i.e.,pis a function of Independen
(see § 6-6) = Risioystemiof foteesgiey’ 2 may maintain equilibrium if
d J 3
IieNvﬂllaus_,ll.ﬁ_u ".I@I m mw
oy 9z 7z *%) dx @NV.MM bY) = By PX).
Jp 0Z 9 ,
& Y 0z A =
0
Px +p 0X Ip o Vi
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which are also direction ratios of lines of rorce. hus th
- . ; - O - ; e :: .._:m

v normals to the surftaces ol ﬁ.;_:,..: nressure. Therelo! m

are cut orthogonally by lines of force.

L o

Curves of equal pressure and density

I

- 3 ’ F - 3 . . - o/ # ‘._... __:._._____mﬁ h_"h______.“_.
§ 6.12 : If a fluid is at rest under the forces X, Y, Z pet

differential equations of the curves of equal pressure and density.
Let the fluid be heterogeneous (so that density 15

incompressible. Then the surfaces of equal pressure are giver

l _h.d.._.._-:._ 10T

?.f...y E SO,

Or Xdx+Ydy+Zdz=0
And surface of equal density are given by
p=const. i.e., dp=10
Ip

or 9 g %8 gy 2P gy = 0,
0x dy ° 0z

Curves of intersection of (1) and (2) are the curves of equal pressure and d
From (1) and (2),
dx dy dz

79 _y9p Nmmlwimml%m_u dp
dy 0z 0z ¥ =% 50
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Jiis gives pressure at any point (¥, Y/, 7).

ices of equal pressure are obtained by putting

p = const. = A (say).

% Sutfaces of equal pressure are

SpIesent similar El]lpSUldS

2 )

1 ifx* i Y A
A=C—_—pH “r?'*”—.-*_i}
2 ac  b° ¢

.2 28 52 DiC —A 9 -
l—;T 4- y_. + ﬁ_-j— = ——(—— —-—) =l (Hﬂ}");
Ty o PH

d whose volume is given to be V, therefore
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1806 Hydrostatics

Example 2. Prove that; if the force per unit of mass @ g -
I LS00 F it ;

- ! = - Wy Ve 1/
yl@—2),x @- z), xy, the surfaces of equal pressure are fiy
r_q._-q%__i pressure and density are rectangular N_,.E____,_,,_:i:_n,.

Sol. As given, we have | t
y - Y S= XY
X=y@-z,Y=x@-2)2="
dX X Y o .o CYSEE ,
so that — =0 -2z, — =-y,— = (@ — 2); >
dy z 0x Z
dZ 04 _ .
=y and — =4
X oy

The condition of equilibrium is

Nt e )
ie., y@-2) (x-x)+x @-z)(y+y) tayla-z-@-2z)|=0

which is clearly satisfied.
Now surfaces of equal pressure are given by p = const.

ie. dp=0 or Xdx+Xdy+Zdz=0
or @ ya-z)dx +x@-z)dy +xydz =0 o
putting valuesof X, Y, Z.
Dividing by xy (a - z), the surfaces of equal pressure are given by
dx 2 dy 2 dz
X Y a-z

= (.

Eﬂmmﬂmmb@
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multiplvine Niun
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Wi Z |

cince the fluid 18 In equilibrium under the given forces, the

nerfect differential.

..
[

Erom (1) it is clear that (1) will be a perfect differential if
p (@ —z)* = const. = ¢ (say),
X1
E.F._ then :_.H..“_ = cd ,|.

)4 / -
A —2Z

Now the surfaces of equal pressure are given by p = const.

’ Xl
or ¢’ 4+ c——— = const.
a—7z
v
or Y = const
a—2z

which are clearly hyperbolic-paraboloids,

Again when p = const., we get from (2)

(a — wvm — const.,?.e., Z = const.

Whenz = const., (3) gives xy = const.
Thus curves of equal pressure and equal density are

xy = const., Z = const.

which are clearly rectangular hyperbolas.

richt hand side must

(2)

o
Y



