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§1'2. Finite differences.

Suppose we have a function y=/(x), where x can take the
values a, a+h, a+2h,...,a+nh Let the corresponding values
ofy ie f(x) be f(a),f(a+h), f(a+2h),..,f(a+nh). The
expression f (a+h)—f (a) is called the first difference of f{a) and
we denote this difference by A f(a).

Thus A f(a)=/(a+h)—f(a).

Similarly f(a+2h)-f(a+h),..., f(@a+nh)—S {a+(n—1) k} are
all called the first differences and are generally denoted as

A f(x)=f(x+h)—1(x), x=a, a+h,...,a+(n—1) k. 1)

Here A is an operator and is calldd,a forward ditference
operator or simply the difference operator, k is called the interval
of differencing.

If we operate A on (1), we get second diffenencel of the
function-values.

Thus A {A fix))=A {fix+h)—f(x)}
or A f(x)=ASf(x+h)—A f(x)
or AM(x)={fix+2h)—f (x+h)}—{ f (x+h)—£(x)}, from (1)

=/(x+2h)=2f (x+ h) +f(x).
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Here A" represents that the operation of dlﬂ'crem has

been done twice.
We may continue to define third differences as
A () =A A'f(x)=4 [ f(x+2k)=2f (x+h)+f(x))
= A flx+2k)—2A Ax+h)+ A fx)

={f (x+3h)—f (x+2h)}—2 { fix+2h)—f (x+h)}
+{ flx+h)—f(x)}

=f{x+3h)—3f(x+2h)+3f (x+h)—f(x)
and so on.
In general the ath forward difference is given by
A*Nix)y=A"" f(x+h)— A" f(x).

From above we observe that each higher difference can be

expressed in terms of the preceding differences.



§13. Difference table. -

The various differences obtained when shown in the form of ~
a tableo is called a difference table. It is as given below :

Argument | Entry First differences Second differences
% f(x) A fix) A flx)
a S (a)
S (a+h)—fla)
=Af (a)
a+h. | flath) A fla+hy—pfla)
=A*fla)
¥ | (¢+2k)-—f{o+h}
=A fla+h)
a+2h fla+2h) Af(a+2h)— Af(a+h)
. . =A"fla+h)
f(a+3h)—fla+2h)
=Af(a+2k)
a+3h f(a+3hk) Afla+3h)— A fla4-2h)
f(n+-lh)—-ﬂn +3h)
=Afla+3k
a+4h [ (a-+4h)

The first entry f{a) is called the leading term and the topmost
differences in cach column are called leading differences.

Ex. 1. Given f(0)=3, f(1)=12, fi2)=81, f(3)=200, f(4)=100
and f(5)=8. Form a difference table and find A° 1(0).

{Gorakhpur 1982)
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Sol. The difference table is as follows :
x | ™ | afm | Ay | avn | avw I AY(x)
o | 3 l |
9
1 12 60 <
69 -0
2 81 50 | =25
11y —-269 | 755
3 200 -219 ' 496
—100 27
4 100 8 |
-92 E
5 | 8 | l {




§13. Difference table. -

The various differences obtained when shown in the form of
a table is called a difference table. It is as given below :

Argument | Entry First differences | Second differences
x I(x) A fix) A*fix)
a f(a)
S (a+h)—fla)
=Af(a)
a+h. Slath) A fla+ ) —Afla)
=A"fla)
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'i'n first entry f{a) is called the leading term and the topmost
differences in each column are called leading differences.
Ex. 1. Given f{0)=3, f{1)=12, fi2)=81, f{3}=200, f{4)=100
and f{5)=8. Form a difference table and find 7"® f(0).
(Gorakhpur 1982)
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Sel. The difference table is as follows :

=

|
x ' =) | afx) A'ffl)l AY(x) l A=) In'ﬂx)
o | 3 1 '
9
1 12 60 ;
69 -10
2 81 50 | —259
1y —-269 | 755
3 200 -219 496
—100 m
4 100 8 i
—-92 |
5 8 |

Hence A°f(0)=755.



Ex. 1 (a).
x: 1 2 3 4
y: 2 5 10 20
JSind by forward difference table A* ¥(1).
Sel. The forward difference table is as follows :

¥
5
30

(Meerut 1991 P)

x y=f(x) | AAfx) AY(x) | A¥ix) AYf(x)
: —
1 2
3
2 5 2
5 3
3 10 5 -
10 v
4 20 0
10
5 30 }

From table we obscrve that A f(1)=—8.

Ex. 1 (b).
prepare forward dif ference sable to find A® /(0).
Sel. Proceed as abowe. A? f(0)=9,

(Meerut
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§ 1'4. Backward difference operator 7
The operator V defined by 7 f(x)=f(x)—f(x—h), is called
the backward difference eperator.

The second backward difference of f(x) denoted by V* f(x)
is the backward difference of the first backward difference Vf(x)

Le. Vflx)=VV fix)=V { {x)—f(x—h)}
=V f{x)—=V f(x—h)
={ f(%)=Ax—m}—{ fix—hk)—f(x—2h)}
=[(x)—2f (x—h)+f(x—2h)
and so on.

In general the nth backward difference of f(x) is given by
T* f(x)=V1 [T f(x))= T [ fx)-f(x—h))

If  fO)y==3f(1)=6/(2)=8 and f (3)=12,

1991)



§ 1'S. Central differeace operater 3.
The operator 8 defined by

s =1 (=+3)-r (=5
is called the central difference operator.

§ 1'6. ldentity operator L.

The operator / defined by / f{x)=/f(x), is called the identity
operator. The identity operator / is also often denoted by the
symbol 1.

§1'7. The shifting operator E.

The operator E defined by Ef{x)=/(x+h), where & is the
interval of differencing, is called the shifting .operator or the
translation. By applying the operator E twice,~we have

E* fix)=EE f(x)=E f(x+k)=f (x+42h),

E? f(x)=EE* fix)=E fix+2h)=f (x+3h),
and so on.

In general E* f(x)=f (x-+oh).

Also we define £ ! by

E-! f{x)=f(x—h) so that E-= f(x)=f(x—nh).

§ 1'8. Properties of the operators E and A .
(I) The operators /\ and E are linear operators :
As A [AX)HLGEN={ N (x+R)+f; (x+ R} —{ fi (x)+Hh(x)}
={fi (x4 B)—fi +{f: (x+ k) =13 (x)}
_=ALR)+A filx)
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and A [a fix))=af (x+h)—a f(x)
=a [ f(x+h)—f (x)}=ap f(x),
therefore A is a linear operator.
Similarly we can show that E is a linear operator.

(ii) The operators A and E are commulative in operation with

respect lo constanis :
If ¢ is & constant, then
A {e fix)y=¢f (x+h)—¢f (x)=cA f(x)
and E {¢ fix))=c¢f (x+h)=e Ef (x).



(ii) The operators /\ and E are commutative in operation with
respect to constanis :
If ¢ is & constant, then
A {e fix)y=ef (x+h)—¢of (x)=cA f(x)
and E {c f(x))=c¢f (x+h)=c Ef (x).
Note. The operators A and E are not commutative with
respect to the functions of x i.e. (variables)
fe. if  ue=f(x).8(x), then Aucs#f(x). Ag (x)
and Eu.#f (x).E g(x).
(iill) The operators )\ and E are distributive : We have
A [ LX)+ (x)+ . J=A LX)+ A fl(x)+...
and E [ i(x)+/f3s (X)+...1=E fi (X)+E fa(x) +...
(iv) The operators )\ and E are commutative :
(AE)fix)=A [Ef(X))=A [ (x+h)
=f (x42h)—f (x+h)=E f(x+}k)—E f(x)
=E [ f(x+h)=A{x))=(EA) Rx).
Thus AE=EA.
(v) The operators /\ and E are assoclative :
(AE) A f(x)=A(EA) f1x).
(vi) The operators /\ and E obey the law of indices :
A™ A" f(x)=(A A ---m times) (A A ... times) f{x)
=[AA...(m+n) times) f(x)
= A =+ f(X).
Similarly E= E= f(x)=E=** f(x).
(vil)  Difference of the product of two functions.
Al A(x) g(x))=[E f(x)]. A& (%) +8 (x). & /(%)
We have A[f(x).8(x)1=f (x+h).g (x+k)—f (x).8(x),
by definition of A
=f(x+h) g (x+h)—f (x+k) g(x)+f (x+h)-8(r)-ﬂ=)[:|(2 :
=f (x+h) (8 (x+h)—g (%))+8(x) [ fx+h) /=)
wf (x+h). Ag (x)+8 (x). A f(x)
=Ef(x). Ag (x)+8& (x). AS(%).
(vill) Difference of the quotient of twe functions :
& f(x) ] 8.0 S-S (x).08 (3)
g (x) gi(x).£¢g(x




Jx+h). g(x)—f(x).g (x+h)
2(x).g(x+h)

L+l ) —laga +) g () 10 —
x).8\Xx

X). A f(x)—f(x). Ag(x)
= %xi.ﬁmxr—_

(ix) A=E-I o E=I+A.
We have .
A S(x)=f(x+h)—f(x)
-Eﬂx)—!ﬂx)-(ﬂ— 1) f(x).
Therefore A=F—1,
Also E fix)=f (x+h)={ fix+h)~f(x)}+Sx)

= A fx)+IN0)=]fix)+ A fix)=(I[+A) fix)
sothat E=J4A.

(x) A'=E'-2E+1

Webave A'flx)=A ASfix)=A [ f(x+h)—f (x))
=AS(x+h)-A fix)
w={ f (x +2h) =f{x+h)}—{ fix+h)—f(x)}
=f (x+2h)~2f (x+k)+f(x)
- =B f(x)—2E f(x)+If(x)
| =[E*—2E+1) f(x).
o AY=B*~-2E+1.

Similarly, A*=E*'—3E'+3E—L (Meerat 1991 P)




§ 1'9. Fundamental theorem of the difference calculus.

If f(x) be a polynomial of n'* degree in x, then the n'*diffe-
rence of f(x) Is constant and "+ f{x)=0.

Proof. Let f(x)=a,+@:x+ax*+ ...+ aux", where n is a posi-
tive integer and a,, 4y, ..., 4. are constants. Then by definition
of A, we have

A f(x)=f(x+h)—f(x)

=(ag+a, (x+h)+a; (x+h)'+...+a, (x+ k)]

—[Gy+ 81 x+8x"+ ... +aex"]
=ah+a; ((x+h) —x*)4-... +6a [(x+h)p—x"]

=ah+ay [°C, xh+h*]+ ...
| oo 8u[*Cy x%1 h42Cy x84 ... 4-2C, h7)
==by+8y x+by x*+...+buyg X 4-uh a, x*, ..{1)

where by, by, by, ..., b,_5 are constant coefficients.

Thus the first difference of a polynomial of degree » is again
a polynomial of degree m— 1.

Repeating the operation we will observe that A A f(x) fe.
A'f(x)is a polynomial of degree (n—2) with last term as
n(n—1) Aa, x*.

Continuing this process n times we will get a polysomial of

deg rec n—n ie. of degree zero with the last and the only term as
n(n=1) (n=2)....1. 5" gy x**=n | h* Ga.
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Thus A" f(x)=n"! h*a, which is a coastant and hence
A" f(x)=0 aad so all higber differences of order > m are also

ero.

Note. The converse of the above theorem is also true fe. if
the n** difference of a function is constant then it may be expres-

sed as a polynomial of degree n.



Solved Examples

Ex. 1. If A and V be the firse descending difference operator
and first ascending difference operator respectively of function f(x)
show that (A-V)=AV. [Agra 1988]

Sol. We have AV fix)=A [ f(x)—f(x—~h))

=4 f(x)= B [(5=h)={ f(x+B)~f(x)} ~ { (%) —f(x— W)}

= A f1x)= N fx)=(A- V) f(%).

Hence AN=A-V.

Ex. 2. Evaluate the following :

() A(x*4er4-2), (Meerut 1991 P]
Sol. By doﬂnltion‘aﬂx)—ﬂx+h}—f{:).
A (%) =(x+h)t — x2=2hx+ A" ;
A (eF)merth—gr=gr (eh—1]) ;
and A (2)=2A(1)=2.(1=1)=20=0.
Hence A (x*'+e*+2)
-i(x'pa (¢?+£~. (2)
=2hx+h'+e* (eh—1)+0.
(i) A? (abs)
=AlA abe)= A [abets+m—aper)
= A [ab<* (b4 —1)]
=Ala (6" —1) &)
=@ (bh—1) be (i —g (beh—1) bes
=@ (bh—1) bex (bh— | )emg (beh— ] ) bex,
i 2x _ ) x4l b
i a [(LT-T; =G+ 1~ G+ P
taking the interval of differencing as unity
2* [ 2
=G+ T 7527}
2x 2—x=-=21__ —X.2*
=(x+1) ![ x+2 | (x+2)!
(iv) A cot 2«
=cot 2**'—cot 2+, taking the interval of differencing as 1
cos 2*+!  gos 2*
“sin 2%+1T “gin 2x




cos 2¢+! sin 2*—cos 27.5in 2**!'  sin (2r—2*¥)
o sin 2+, sin 2* =sin 2%.sin 2°H°
_sin{2*(1-2)} —sin2r
= sin 25.5in 2°71 " sin 2°.8in 2°%0
(E=I)? E*4-*_2EI
=[E+IE-'—21) x*=Ex*+ PE-! x*—21 x*
= (x4 1)+ (x—1)*—2x*
=x0414308 43 4 20— 1 — 3004 3x —2x%=px.
(vi) % (E—I]' x' (E*4-J—-2E) x* E‘x'-}-!r"—ZEx‘

—cosec 2*+1

Ex* =  Ex’ Ex* - Ex®
(x42°+x*~2 (x+1) x*+8+6x"+12x42*—2 (x+1)°
- (x+1)° = =+0F
6 (x+1) 6

=) TEF)T
(vii) A sinh (a4 bx)
=sinh [a4(x+ k) b]-ulinh [a+bx]

=2 cosh 2"——:———"'25""'“ mhg"-

=2 cosh (a+g+bx ) :inll 5 for h=1.

(vili) A cosh (a+4-bx)
=cosh [a+b (x+ /1)) —cosh [a+bx]
=2 sinh 2220+ g, 20

=2 sigh a+§+bx ) sinhg , for hul.

Ex. 3. Evaluate

(i) A?[ax®+bx?+ex+d)

=A%, [ by§ 10 A%xl=0; Adex=0 and A3d=0]
wmaA ¥ =a.3 | =6 ak’.

(i) A tan ax
=lan g (x+1)—1an ax= ::.: gi:; ::.'“ for h=1
Sin a (x+1)cosax—sinaxcosa (x+1)

cos @ (x+1) cos ax

— _8in [ax+a—ax] _ sin a .
cos ax cosa (x+1) cosaxcosa (x+1)




(lii) A tan™' gax=tan-! @ (x+1)—tan~* ax
ax+4-a—ax >
Sl [ ] il * *

14(ax+a) ax P ax
Ex. 4. Evaluate
() A*(l=x)(1=2x) (1=3x); (#l) 4= (e=***),
the interval of differencing being unity.

Sel. (i) Here f(x)=(1-x) (1—2x) (I —3x)
=—6xt4 112t —6x+1.
Thus f(x) is 2 polynomial in x of degree 3.
L A ()= —6A+1IA-6A+ A,
-(—6)(3 )=—36, refer §19.
(1) 4 (e +*)=f(x+1)—f(x), where f{x)=es*+?
= pa(x +1)+h _ paxth o [gax+h (g2 —1)),
and 4" (e¥¥)=d (de )= 4 [e*=*t (= —])]
=gt (g0 | ) —gar$d (g5—])
mearth (e2=1)%.
Proceeding in a similar way, we get
4" (e tb)mprrth (g0 —])n.

Ex. 5. Prove that c'-(%') e'.‘—’E‘.E; :
the interval of differencing being h.

Sol. We have
Ee*eme*+h,
Again det=exth—exmer (eh—1). Similarly 4% =e* (e*—1)*.

(:—') e=(4E") emfleimet Lo met e (e —]1).

. =(2) o (Ee%) et
. R.H.S. (F M.ﬂ-r e (e — Ule'(eﬁ-—l)‘ ex

Ex. 6. Evaluate 4* (cos 2x). [Meerut 1984]
Sel. We have
- 48° cos 2x=(E—1)* cos 2x=(E*~2E+ I) cos 2x
= £* cos 2x—2FE cos 2x+cos 2x
=FE cos 2 (x4h)—2 cos 2 (x+h)+cos 2x
=cos {2 (x+2h)}—2 cos {2 (x+h)}+cos 2x
=cos (2x+4h)—cos (2x+ 2h)—cos (2x+42h)+cos 2x
=2 sin (2x43h) sin (—h)4{2 sin (2x+ h) sin A}
= —2 sin h [sin (2x+34)—sin (2x+h))
= —2sin h [2 cos (2x+2h) sin k)
=—4 s5in® h cos (2x+2h).



Ex. 7. Evaluate 4° (3e*).
Sel. We have 4 (3¢)=34 (¢)=13 (er+h—e")=3e* (e*—1).
. A% (e¥)=4 {3e* (e*—1)}=3 (e*—1) (de¥)
=3 (e*—1) (e¥+*—ex)=3 (e*—1) ¢.
Ex. 8. Evaluate \? &, (Meerut 1991)
Sel. Proceed as above.

Ex. 9. Evaluate 4 (x+cos x); the interval of differencing is a.
Sol. We have
4 (x+4cos X)=dx+d cos x
={(x+a)—x}+{cos (x+a)—cos x}

=z+2 sin (k;‘) sin (-—;)
=a=-2 sin (x-F;) sin ;-
Ex. 10. Evaluate 4 tan' x.
Sol. 4tan~! x=tan-! (x+h)—tan~! x
mtagt J CH) -2 | __ h A
. m} ol [Tm]

Ex. 11. Show that 4 lqﬂx)-lq{l.;.‘%(_}"}

[Meerat 1980)
Sel. We have

4 log fix)=log fix+h)—log f(x)

~log [l )] —log [Ef(x)

=log (ﬁfl +41£x)] log ﬂ=)+dﬂx)]

Ax)

Jm
Ex. 12. Euhcu 4~ [ax*+bx1],

Sel. We have 4% [ax*+bx*')e= d* (ax7)+bd" (x)
=z (n!)+b0=a(n!).

-[os

Ex. 13, Evaluate
o L] w e

5-=+12 2 (x+3)43 (x+2)
Sel. (i) 4* _:_L’_
@ AE5xT6 "'[ (*+2) (x+3) ]

[m+, - ]-4.4 ['x“‘iz*‘ %]



Ex. 14. Evaluare A" ae*.

Sol. Age‘=a Ae*=a [¢**'—¢7]
==ge” [e*—||=ae* (e—1), for h=].
Now A?aes=A [Aae’)]
= A (ge*(e—1)]=a (e~ |) [exti—¢v]
=a(e—1) ex(e—1)=a(e—|)* ¢,
Proceeding like this, we get A* ae”=a(e—1)* e.



