- — y(y — X), surfaces of o,
Z =y (y—% 5 0f equg]

7 + I),r ; hy
e (1{ i :) ﬂ}.fa{f{ the CUrves !;}4 f_--‘,.r_}lj“”’ Dre. f rrh"’i'f-,-__
_) — const. e g
} ‘}/ ﬂ"[/{ - o // f.!.? l
— const., 1.6., 'JF =0
by dp =0
i Yy + 2427 :
or ’ (J/ i E) dx + 2 ('3' -+ ,1') dkij + Y (‘H =X dz = ()
or ~ | 7 dif ([f' — ,1’) dz o
Ifl + o — ﬁ J
™ +x Yyt (y +2z) & +X) |
. +2)— (x +z |
_EL + Zdl{ -+ (y ) ( ) r‘.'-_fE = U,
or 7+ X y(y+2) G/+E)  +x)
dS E)J it E— (I{’ +2) =
z di dz 1z
or dy 24 2 = =
z+4x Yyytz) z+x Yy+z 1
= dx+dz+zdy-ydz=0
YLz ¥ (y +2)
= dx+dz+dy(z+y)-y(dy+dz)_

Xik2 Y Y+z
Integrating, log (x + z) + log Y =log (y +z) = logc
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Yy + Z, Y TESPEL tively, we have
N, (4 4 f, _h * _.
_L:._r i X T W ) dy + Y | _
, Ay +x dy dy + vy d ()
T + U CONSt, . ﬁ:

T: sent curves Ol q_.;__:.__ pressure and density i
T TE }

q::, I'e t?:_ :__: ___:,,

!

L R =L, J_k,, = | ﬁ....... P ZX #.._.f.\. 1 f; - xy 4+ 142)

L

Jiquid st, if the density e ——= from the plane x + y +z = 0;
1 _,,_.H ___E:_:_ at re iﬁ_;.__-w:
| pre ssyre and den sity will be circles.

tistance Of point (x, Y, z) from the plane x +y +z =0, then
A1St< : _

ity and
pbethe density al E_ﬂ w
1 5

e A ()
yoc — OF P=—" = ,
* d- (x +y +2z)

then

he liquid is heterogeneous.

L
is a const, - Wmmﬁ tha rmﬁoa_um eneous fluid in rﬂ::_EEE if

the given forces Wi

9 7)=2 6Y). 3 2 p2)= = pX) &65 2 pY)
ay

ow that these conditions are satisfied by the given values of X, Y, Z

where m

Now

We have to sh
denpis given by (1). | 4

\ 3 ozy= 2|2 xu ety +y)
_.m:.__q

dy dy | (c+y+2) |

(x + 2y) ?+_\+Nvmlwﬁ+,<+mv (x° +xy +Y°)
A @+<+mﬂ

[(x + 2y) ?+<+NV|MQ +xy + Y~ z
(x+y+2)

AL

|

o,
Mt : THM + 2yz + X2 +xy |. ..(2)
(x +y +2z)

A YRR,

Ea 2 Y g W (% +zx +x7)

0= % -?+<+mvm | |

AMN+.iQ+w+£mlwﬁ.+m+muﬁ,+ma+pV
Q+u+mﬁ

~ 2 (2% +2zx e [

AL

ﬁm+5@+m\+£ :
@.+,c+£,

A

|

el
| ML 3 TJ..HM +zx + 2YZ +xy |- )

(x +y +2)




gxaf
ﬂ ; A Z + 2x) ﬁunr
i — . 2 _ _ . o
0Ol T + Hu - A..__. + b :__.., _ﬂqq{ :ﬁH | mﬂ.mm— lm
_‘Mlqun.lm‘ - MIHlmM - Y 4 g mﬂ—
. . ydx+ydy+zdz
dx + ::\\ + dz e “PI_.“|M|IHI .
e 0
- rives X + i + Z = consl.
Nt ua+@+=___ = () gives X q.x : : -
M xdx +ydy +74dz = 0 gives X~ + Yy~ +2Z =const.
att g \ . = | - ICCIITEe AN ey :
4) and ﬁmv Smmﬁrmﬁ Hmﬁammmzﬂ the curves of rﬂ:...i__ .v:x_., w_r...::- and k.irr:_;,..”... =
= menm the curves of intersection of planes and spheres represent circles,
curves . =T
Aliter. Alternatively we can proceed as follows :
dp=p[Xdx +Ydy+ Z dz|
=pH ,QM + Yz +mmu dx + ﬁm + ZX + Hmv dy + ?.m + Xy + _:J Az | Now
—ou [E{+y+2) ( +2)—x (y +2) —zy}dx] and
—pp [ +y+2){(y +2)dx + (x +2)dy + (x + y) dz| Thes
— C___H “—2ZX T XU _L_.."- 3 _,“,_.__. 4 s H.Mﬂm—-.
, _ of flu
=p [k +y+2)d (xy +yz +2x) — (yz + zx + xy)d (x + y +2)] =
o 2 _@. 1 +hmu d T,.t + YZ + ...,..HV = ?_ﬁ +zZx +xy)d (x + 1 +:
=Pl (¥ +y +2) ?+_c+¢” . y+7) AL
X+y+2 Sol.
The right| . : :
1ght hand side will be a perfect differential if
2 The-
: Pl + ¥ +2)" =k, a constant he
01 D= k 2\ r.\m.
_._. X+ i p =Ry
or K ] i 2 u (s 2)/N3]°
Dn.mllhwﬁfw_w E:m_.mnum.fmx.rm : nlan -
4y 4 0 H d )\w = distance of (X1 z) from the P& or if
& =) o)
Thus the equilibrium ; |
‘1M 1s possible 1 Whe
oo fromx +y +2z=0.

(dist.)?
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5 T1ves A o e AR Cconst. -

N Z r._,.,._J__“L- GL | ..(6)
1 ..:4_,.;_ , | | . Y . S
L . : M Y _. 7 1
L  fi—— _...”._,....ﬁ._f_.ﬁ. w.rq.w.r.,_"rf _.___v_ m " . il _._
J

32X T XY _ const.or Yz +2X + XYy = const by (6),
+ 1 + &

1 . _
f .,._L:H.; pressure and aensity are
0% L

ol ..J.r..:.ﬂ..a.._r. . .
x +y +z=0, yz +2zx + xy = cons

REDY S @ 0, x" + .:..- + uu = Const.
i r.r..E.T. circles. o
3 Al e =y ) TE10T + PN o - ) - =
A s A Auid rests in equilibrium in a field of force, X = y* +z* — xy — x2
pmP™ | L oL N a4 |

are a set of circles.

o
! i
: T._.m:u:_“_.‘_

The &mmﬁmzﬂmm equations of curves of equal pressure and density are

Sl ax dy dz
0Y 9Z 0Z 0X oX Y
3z dy dx 09z Jy ox
dx ] dy ~ dz
. Z-y)-Qy-2z) @@-z)-Qz-x) @Qy-x)-2x-y)
dx dy  dz
¥ mlmlalal.ﬁ.
_dx+dy+dz _xdx+ydy+zdz
= = 0
Now dx +dy +dz =0 gives x +y +z = cosnt.
and xdx+ydy +zdz=0 gives x2 + y® +2z° =const.
These equations together represent a set of circles. ®

bample 8.  If the components parallel to the axes of the forces acting on the element

offluid at (x, y, 2) be proportional to

2
y? +N€N+Nuﬁmm +NEH+HMHHN +2vxy +y-,

Yow that if equilibrium be possible, we must have

2A=2u=2v=1. [TMBU-2006H]

Sol Herelet X =k (y + 2hyz +2°),
Y =k @* + 2uzx +x2), Z=k (x* +2vxy + y°).
‘hefluid will be at rest if

| Y |
L B mmi._wm +Z mmul. =0 ..-(1)
dz oy Jx 0z dy ox
(r

f 2 {(y* + 2Ayz + 2 -y + 1 -v) x}=0.
Mhen2) = g, - |
4 =2 =1, it becomes




sfied. e
1 e clearly satistlel b 6 satisfied when

Jh=2=2v=1.

. Ves m._.m_ H.mm_h:. ; ¥ 1) % 2 G
b E_a = A mass of fluid 15 at vest under the forces
m“ﬁ-.—.-g m . o

% 2 =T 2 b,
NH@+mvml.ﬁm~w\Hﬁm+Hv —Y 1NI?+.QV = 43S
nd prove that the surfaces of equal pressure are lypsboloids of y,,

id the density @ e Utioy
§ Sol. Here X= Q.T,&m -2, Y = +2)° =y, Z=(r + Y) -z

dX 0X 0%n.. 7. 0Z
— =2y +z) == and .M|.lm? /=
el 2z : Yy
oY dY
e + X) = —
0z S dx

| The condition of equilibrium is

_ [3Y _9Z), ,(9Z 3X) ., (3x oy

0z dy 0z 0z dy ox

=2y +2)° =216~ y) + [ +2)2 ~ ¥ (x —2) + 2 [(x + 1)’ ) 4-
= () is satisfied. |

Again pressurep ata point (x, Y, z) is given by
dp=p[Xdx +Ydy + Z dz)
nn:@ +.NVM r&ﬁ&. +{(z +va = @.ME.,: +{lx + y) HH_HE
. nuM_M“.w *O +2)dx + ¢z +x )dy + (x + ) uw., — xdx — ydy -2
9 w+£&mwm+wma+m.élam

2

2 2
Ihe right Ide )i ,
ght hand side of (1) is a perfect differential if
PE+y +2) = =4 constant
s
. ey P
}m&gﬁcﬁsmﬁuoﬁr | * -
Now to show eN from (1) we getx? 42,2 e
Cubic jg that (9) Y +2°~2y7 — 27y — 2xy = consk

Hmmuﬂm Sents Tv\mum.ﬂ—u E;ﬁ_“,_

oloids of revolution, the discrid

L e
—¢°—h")x
+ (@f? +bg? +ch” - 28t

- a_m:___ L

y |f

L
— g #- ﬂH Al
of WPM +4=01p / A= 2 2 ﬂm_cm_ﬁ
: \! o
'evolution. Further since 0n¢ sV

wher
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-orces ()

A given volume of heavy liquid is af

r'est und

o - J -n.H_-1 h-—hm—_.u. _“...m .“ ’ - = - .
w Sarying as the distance from that point. Find # ction of a force to
L : .

‘€ pressure at any point.

e ixed ﬁz_:_ p:.,.w,;_,.,“.,_;,:_m :_._m.: h.:f_ the asis 7
.._..;;._,.  The .,...n._:a_.ﬁ..,:_,_ﬁ__J_F of the attractive force iy =
. ._.E__.i_ \.,._«
.,....m ~ T o NS
) L AP (xy.z
e ux, — Y, iz iz g 7
| :::_L is heavy, hence the L_...,,_z___..;-z_..::-d due to Cls= X
[ne #_*__n sertically downwards; therefore the —ny
Y __,F = . .1 . ) A |
Vit y.:?a_. force —jr on the point P (x, v, z) are
[ po™ X =—ux 1
| Y = -y _,, Fig. 166 -
__ ; 3 ..(1)
Z=—Uz-¢
_ The pressure at any point is given by
: dp =p (Xdx +ydy + Z dx)
¥
= = —ut x dx + 1f :_.c 4+ 7 dz + y dz
L
ntegrating, We get ; _ .
h p=C——pp|xt+y?+2?+ = Q)
| 2 T
| Thisis the required expression for pressure at any point of the liquid. Y
example 11.  The particles of a sphere of homogeneous fluid of radius a are
iacted to the centre with force inversely ﬁ_&n%m@:i to the distance from the centre;

move that the pressure at distance x from the surface (measured along the radius) 1

x> %

C+Dplx+—+—7=*...|
P 2 3a’

whereC is a constant, D is the force per unit mass at the surface of the sphere and p 1s the
anstant density of the fluid.

Sol. Consider a point P of the fluid at a distance r from the centre of force, then
e pressure equation is given by

d

dr r

I

Butforce at the surface is D,i.e., D= P or w =aD.
a

dp =—p L dr.
r
Fﬁmw_.mw.ﬁ et
o B p =—paD logr + A (const.) Fig. 167

Phere th ¥ denotes the distance of P from the surface of the
]

a—r or r=4d-—X.

-
I

p=-paDlog (@ —x) + A

—paDloga[1-=|+A

i

Il




This proves s Fm::m ::.:3% the axis &n which is vertical, contains g SHUN e,
- sJosed C il :
*Example 12, A dlos yoint of the fluid. | = A~ o Ag
yreat any porn : 1¢ of the base of the { o>
. find the t_._..ﬁv._...: A the radius i | M |
air; fin ht and @ | |
Sol. Let I be the heig | |
. ~% e _urmu | : -
cylinder. . ht 7 above the base; there p 1s P 1p pa
Y . yoint at a height z . - orvenb |
S the pressure at this height 1s given by | |
: 2 __ ¥
density of air, then the p dp = pg dz. & ’
|
}._mﬁ— mOH. all, &ﬁ — s r..mwl__.%H \\.\|I|£ |
: A ~_ 0 a~
. h : Fig. 168
&
. = logA — =z
[ntegrating, logp b k
or pP= der/".
; ; sav M,
Now to determine the constant A, we rmd.“M the air of given mass say — :
h 9 i) -8z/k 4 as p=—=—¢t -
v — — .HH__M !m. 4 N z . I
. M ._‘aﬁn pdz ._._u n ko
7 2 Thi.
Sk ma“A —oh/k
=S ey S TR (g 9 "Ex
8 8 .muwnmb. o
o Aosd . E d the ligu,
na* (1- mj%_{J Sol.
*. From (1) _ o8/ k M 1/3 Consid,
i ﬁmm 1l lml.w__iw . mm:..nm 0
s q this Po1
Lhis gives pressure at any point, .
volume of m_._nm.._w. f a conical cup pe filled with liquid, the mean pressure L il
oo - e tiquid is to the mean pressure at a point in the surface of the cup as 3 4, Fﬁm._
o et us first find meap Pressure at a point in
1e Volume of the liquid, Leth b : And
conical cy d : 1 be the Tmﬁmyﬁ of the S
o % and o be 1ts mm_ﬂh.uﬂmﬂﬁna mﬂmwm E.Hnmnm
_.m_._zm_m er an m—mamﬂ - : 1
the base, N wﬂmmmzumﬁmm.w n:mn.mﬁ a distance x from
below the free e 4 point at g depth (h — x)
=P8 (h - ) 4
dv = Volume of the disc :
M = (2 gan2,, dx). To M
P dy =
Pressure on the ¢lementary W M:m (W
: = . 0
P8 (1 =) (mx? tan? g Ox) R0
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~re at a JZ_.,,_i in the ,_..,.d.,___:,:.,x
ﬁ%qq:: k |

Iq_
-

oW | : p dv | ,__: P& -E - X) X~ tan” o dx

Pre= h
_ I i : 2
AT _ nx“ tan® o dx
o |)

— __r,__. h — X" ) dX 4__: s |
v | YO .
= Pg P&

]
L ) ._ } .
_ X dx h 4
J 1)

1 pressure at a point in the surface,
; ¢

3& me ; ,
ds = elementary surface of the disc

ygall o f
— 21tx tano.-0x seco,
ire O the elementary su rface of the disc
s =P =pg (b —x) 2mx tan 0L+ OX Sec 0.
o P, at a point in the surface is

h

.‘. p ds ‘r pg (1 —x) 2nx tano dx sec o

— O ——

p, =
2 Tm .q 21tx tano dx sec o

.ﬁ: (xh %) dx HEes _; 1

xh —x°) d

pg =, =pp ey === 3 P8 )
.— X dx .

i

:
s 2
P, Mean pressure on the volume 1/4pgh 3

|
|

—

| - P, ~ Mean pressure on the surface 1/3pgh 4
_ ®
This proves the result. |
is at rest on a fixed plane under the action of a

ample 14. A given volume of liquid . . |
«u,foa fixed point in the plane, varying as the distarnce. Eind the pressure at any potnt of

iliguid and the whole pressure on the fixed plane.

Sl Let the fixed point be taken as _uim.q..
imsider a point P at a distance 7 from the origin.
e on it = |r towards the centre; hence pressure at
ispoint is given by
he  § dp =—pU 1 dr.

- tegrating, p = ¢ - WE:H.
ind if 2/3 g be the given volume, the free

Ittane i ; :

“€i5a hemisphere of radiusa. Thus we have
h § p=0whenr =4
By 1 2

| = —pUa
| C Ntt

1 2 2
— — ( ]Wv.
p mc_i

y oo Pressure at any point P of the liquid. §

o ¢ ixed
._"_.M hﬂn Whole pressure on the fixed plane. To find total pressure Mﬂaﬁwwﬁmznm
118 here a circle of radius a) consider a point Q on the plane

._._L_.___,_...D__w ,
closed by an element of area u O 00.

—_—

U ou 08

I

LA ]
\




; s 1 gf 1
L 4 L 4 |
;u:m 1w:a = TPU m: = m: = T pua-
=TpH | 5 4 o - ;
& .ﬁﬁ.ﬂﬂm :mﬁﬁ_w.ﬂ (1 ‘Hum_:_:m* ___.,.4.ﬁ.&_m.‘.._\:.”;_t_~ﬁ ?ﬁ. i m;m.u?:_fﬁ_.:“ ;_h.m: __
ne on the side E%am:m to that on wh ichic ..

A mass of lqur

*Example 15- from the pla

2. o } a distance € )
w/1 situated a ol (@ - c) |

]  pressure
show that the p 4 FREE-SURFACE

he liqui in the form of a
he liquid rests on the plane 1
il e o of radius a. We have to

cap which is part of a spher A
a%m%m pressure on the plane (the n.:nEE.._ummm. of \ _, 7 AT, %.
the cap). Let us first consider a point P 1n the liquid at _H. LJfah__.

on the plane =

L
.rr.
x |

2 distance r from the centre O of the sphere. | a7 Pl
The only force on P is mm. towards O. Therefore the \ )
r _,.,
pressure at P is given by dp = - _u,_“_m dr.
r -
Fig. 171
Integratingp =¢ + B
.
But when 7 =a,p =0 at the free surface ;: .. ¢ = — PH
a
I dene
i P=PR|———|=puU b1
Now d i OP a4
: .
onsidera point Q on the plane base of the cap ; then pressure at Q
e |
s Rl — —
OQ a

Take an element 5, 8
; uod : . ]
sothat0Q? = 02 4 ¢y2 > surrounding the point  such that CQ = u and /C0Q-

=6 +u”; then pressure on the small element 1 du 00atl
pu[-L _1), .
G .|t ou 89 = DLLS = W 1 Ou 00.

An,m + zmv a

the cap. ° the proper Jjpjj
on the plane, :

2n
1 1
: ._.c Tlimrllull! u du do,
Aﬁ +xmv a

S0 as to include the whole circular pase "

——

H_ut.

—

- . ” _hm
[radius of the base being v

= 2 S o
U:H@HGH Aﬁ.m + EMV < r.m a}/a )

—

4 24
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fH
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