P lies on the,.,

by the properti&?
»dd, even functo
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s 4.7 : To find the C.P. of a lamina immersed in a liquid
referred to coordinate axes lying in the plane

of the lamina.

Sol. Let a plane lamina of area S
be immersed in a liquid of density
p, whose plane intersects the free
surface in a straight line LM. Taking
a point O on the line LM as thé
origin and OLMY as the y-axis. A
vertical line OX in the plane of the
lamina is taken as the x-axis.
Considering an elementary area ds
at P (x,y) with respect to the
rectangular axes (O, XY). Let dT be
the elementary thrust on the
elementary ds then

Free surface M

dI =area x pressure at its C.G.

= pgx ds

Let C (x, i) be the coordinates of C.P. of the lamina, at which the resultant thrust

J dT will act normally.

Taking moment of all thrusts acting on the plane lamina about y-axis, we get

X =4

x [dT = Jr dT (by varignon’s theorem)
x dT Ix pPg x ds '[[::-._vr:2 ds

' de a Jpgxds 3 _[px ds
Similarly by taking moment of all thrusts and resultant thrust acting normally on

the plane lamina, about x-axis.
we get,

i de = J' ydT | (by varignon’s theorem)

Sy Iy pgxds _[pxy ds

y:

ng x ds px dx

If the liquid is homogeneous then p in constant and, hence

X =

If we takeds = dx dy, then

I 2
f=_[_[x dx dy

Ixz ds
Jxas

Ixy ds
II ds

Y=

j J-ny dx dy

/

Thus the coordinates of C.P.are| =

_.dexdy A= _”:rd:rdy :

'JIZ dx dy ”:ty dx 1:;"1;‘H

| _”:r dx dy ’ _”'r dx dy )*




i =-1%
g

Vﬂl'lgDDI'I;S fhf—;’r_i}rf:‘r;"_
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' ample 19. A semi circular lamina immersed in a liquid with a diameter into the free
surface. Find the C.P of the lamina. [TMBU-2008(H), 2011(H), MU-02H]
Sol. Let a sen‘ti-ci_l‘l:u]ar lamina of radius a be immersed in a liquid of density p in
cuch a way that the diameter AB of the lamina lies in the surface.
X
orem,)

Considering the t:t_a-ntral radius OCX as the x-axis and horizontal diameter AOB as
the y-»axis. The equation of the circle is x* + yz —q2. Taking an elementary strips PQ
parallel to diameter AOB at P(x , y). If dx be the width of the strip then thrust on the
elementary strip PQ is given by

dT = (2y dx) pgx

dT = 2g px -Jﬂz —xsdx

Let (x , 0) be the C.P then

fzj:k: arl
_[dT

szHZ — x?dx

— s

0
i
II-JIIZ — x2dx
0

j]j[-'fﬂj;ﬁngngsinﬁ, then dx = a cosf d6, whenx =a thenB=IE2-,x =0,then0 =0

/2
IH4 sin20 . cos® 6 do

f= n{?fz
th a° sin®cos>0 do

0

. T 16

. (3na
.@* ?,E-;U) is the required C.P of the semi-circular lamina

_ 3ma (by reduction formula)
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Example 20, Find the C.P of quadrant of @ arele tmmersed vertical),
one radius being on the surface. [TMBU.7,, -
Sol. Let a quadrant OAB of circle of radius a be immersed verti, .
such a way that the edge OB be in Em surface of the liquid. Consider;,
OA along the x-axis & OB along the y-axis with origin at the cep,,
equation of the circle is x” +_.__\m_u...nu._ Dividing the quadrant into oje,,.
parallel to y-axis. Considering an elementary strip PQ of width dx a; p,,
thrust on the elementary strip PQ is given by
AT = y.dx pgx
nﬂnnwaa\nm — xdx=

— R —




)
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putting X =4 sin® then dx =4 cos0 dB if x = a, then 0 = m, and 1 =0 then @ =208
/2
._. A > 5in> 9 asinB.a cosh.d4de
U = ()
Y= n/2
2 | asin® a2 - a%sin%0
0
x/2
‘—ncmmm . 81N 0O 4O
e () a3 .3 .
a2 7 Nl Jmh.m (by reduction formula)

2 | sin® cos?6 d6

. The co-ordinates of C.P = ﬁmnn S w

16 8 o

gxample 21. A quadrant of circle is just immersed verticall y with one edge in the surface
ofa E:& whose density varies as depth. Find the co-ordinates of C.P.  [MU-2000H, CU-2001(H)]

Sol. Let a quadrant OAB of circle of radius a be immersed vertically in a liquid of
variable density, in such a way that the edge OB be in the surface of the liquid.
Considering the radius along OA as the x-axis & OB as the y-axis with origin at the
centre O, then the equation of the circlex? + y? = 4>

Dividing the quadrant into elementary strip parallel to y-axis. Considering an
slementary strip PQ of width dx at P(x , i) then the thrust on the elementary strip PQ

4 im dx.p.gx.
Bt ¢ from the question, density of the liquid varies as depth sope<xi.e., p =kx
itk dT = ydx.kxgx =kgx* a\nm — "y

gﬁ (¢ , ) be the co-ordinates of C.P of the quadrant and (x, y/2) be the
coordination of C.G. of the strip PQ, then

X |1._..a.mﬂ ..|._.Wuﬂ
[ (= [ar
) .T.w.w Hmz\mm — x*dx
B =L
, ?.wuma\amlama.ﬁ e
DRSS . . e e PRt
.L Y
X




Putting x =asinb, dx =a cosO db,

I

when x=a,then8=0, Huaﬁrnzmnm

n/2
._‘ a’sin’0 ,\mm _ 4%sin*0.a cos.do
ihe 0
¥=—r
b. nmmﬁmm&nm — a%35in’0. 2 cos.do

0
n/2

q _’mu._mm cos>6.46
0

3%

T ~ 15m
[sin?6. cos’6.d6
0

n/2
A |
_._u_.n 020,67 — 52 5in?8) . cost.d6

—
—_—

m\lm
s 2 :
.__..n sin m_..\n —a’sin?9 4 cos6 d6
n/2
a ._. mFu_m.nammm do
0 |
0 _ 16a

— —

.“ E.ﬁnm ncmmﬁ de 157 ﬁuw :mw,_m sdnma function
0

—
m——

——

157 * 15n

. The na.ﬂan_.u,ﬁﬁmm of G P~ ﬁ.\wma H&nw
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ﬁ._,-__h went into elementary strips parallel to the c..mﬁm
ring an el ‘elementary strip PQ of width dx at height x above the origin, then
the el smentary strip is given by

MR ——

Il.
_"
o

v

S AT =2ydx (b -%) P8
= 2pg (1 —x) ~/4ax dx

| .rOm. of the lamina lies on the x-axis, 50 y=0
B .—H dT
[aT
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Centre of Pressure of a Plane Area

gxample 28. Show that the centre of pressure of a ‘.._*,_..ﬂ_:::. ared EE._:._H_EH.;H In HM a5 the
ohose centre 18 at a Eﬁ:: h below the surface, when the density of the liquid varies G

th {epth - -“w-fgh _below the centre of the circle.
depth; (s at adeptil — Y .

a- +
. ¥ e 3 Te 19 1 ,.fmﬁ.\.—
Sol. Let a be the radius and C be the centre of the circular area which is 1mmers
1 a liquid of variable density. e
ole and the vertical radius CX as the initial line. Considering an

Taking C as the p

ﬁ he ntary area
ary area rd0 dr at P IT on the elementary ¢

olement (r, 0) then the elementary thrust

is given by
dT = (h + r cosb) pg rd0 dr

pech +r cosB
p=A (h+r cosb)
dT = gk (h +r cos 0)* rd6 dr

But

1.€.,

«. Depth of C.P. of the circular area below the centre
.—._.w cos0dT

[ [aT

.:w cosO.gh (h +r cosB)*r de.dr
0.0

I

/2
._. 2hr> cos®0 do.dr
0

|

12 + 1% cos”0)r dO dr

—

P | =
oo 1 =

2a°h
= 00 A 2
h?. Iw — + i S +aJ

Il
=
=
. -

N =

o
D
|
M| A

(other integrals vanish as

cos(r — 0) = — cosb)



id with it base in the
ressure of the trig,

L

e
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I-.--Illrl
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. S
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Ep——
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i A j——

e il N B

o i — —C =
s l.l..lrll..l-ll.lul..l.l.l.lnl.l
e — o —

e . —— =T

Sol. Let ABC be the triangular lamina wholly :nmersed in a liquid of density pi;

such a way that its base BC be in the surface.
Let AL =c be the depth of the vertex A below the free
AL ¢

reference of example-3, the depth of C.P. of the triangle ABC = —— =
s 2

surface, then E:r the

Let AP =PL == j
5 and let us draw a line RPQ through the C.P.and parallel to BC, then

—
BC = 2RQ.

Depth of C.G.of the AABC = £
3

Depth of C.G. of the AAQR = Wn;
3

._&Emﬁmﬂm._mgmﬁ nwmm ALX s
ALty

—

2
3

l
:mmm.nm%

.:55
ronthe AARQ = L gy 2
2 .xﬂu_u% Py

®
O
=
I I
oo
®
o
09
™
o

Proved.
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Centre of Pressure of a Plane Aréa

mxﬁ-:_u_m w_w.. [f RUpareasis bounded by two concentric semi circles
. :::ﬁ._: T_“.:.ﬁ.:-mq,_:_"ﬁ qw_.m.q.___._.w_“..w___.q_—.,.:.m ::. __:-__...;.. _ﬂ_:\_”.h_n.__.u__..t_H ‘H:.Zm:d :_:”_.mq _::.u h,q____m\...‘.mw__wﬁ___u_ ﬁ_.\.. H..._:.m* ﬁ..,.ﬂ.wu_aﬁ_..—._.w .ﬁ.q. ..__
co 3 @+ b)@a= +b%) : 0 18
A IR e ==y A L nere a and b are the radiai. A
m:_._ﬁ,i._w.u.:_w._ﬁ Hm..__ A__Hr s T_r 7 :T,v :__: A
| Sol. Clearly the centre of pressure will lie on QY ; thereforex = 0. el
Now consider an elementary area r 00 or. Depth of this element below the free $i, 00 4
mﬂ_—.—um.ﬁm —1i .,n“.:.ﬂm _...__. ,.-._. E
¢ ﬂqmmm_,:.m. Oon the __ur.._.,_,_.__m_:__.;nﬂ..._.a area po i
y i _._..”-._.‘_...u.__.,....”
= pg.r sin0.r o6 or. STy
i n (77 y T i _“u-.u.___”.__._-_._.____....u...
_..T sinB.pgr sinb r dO.dr &.Mu
= 5.0 .y ,..- .
o _,m__ = amn ; ’ “r
.:n_%. sin® r dO dr w.ﬂ .
b0 - mw .
am .._..,. .
3 s : s
.q,T sin”0 do.dr : = == == 8
=b0 i T mat e e e
BTN e e =
[ [p* sin6 do dr == .
Fig. 101 -
b0 T
— I_._u ._._“'l.
I .
59 4
$4],22 3@* —b*)m
| - = —
| 3 16(@° - b°) ,
n
— | [~cos8]
3 0
L~ Jb

_ 3rmla + b)@* + b?%)

~ 3n@® +b?@+b)@-b)
16@ —b)@> +b> +ab)  16(@* +b" +ab) =

—

Example 31. A semi-ellipse bounded by its minor axis is just immersed in a liquid, the

density of which varies as the depth ; if the minor axis be in the surface, find the eccentricity
. 32
inorder that the focus may be the centre of pressure.| Ane = ——

151 [TMBU-02H]

Sol. Referred to major and minor *
axes as axes of reference, the equation
of the ellipse is

Now consider an elementary strip
of breadth 8x at a depth x below the
Wmmmﬁmgm_. then

P=Ax, (area of strip) = 2ydx.
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. pressure on the elementary strip
> 21 Ox = w%ﬂ.m.mia.
= pgx.<Yy 1 g

By symmetry, C.I. lies the axis of x. Y

and a

4

_ 0
Tma\ﬁm —x%) dx
0

n/2
‘_; sin’ 0 cos”0d0dx
0

—
—

"

._. sin20cos>0 d6

0

_ 3
151

But C.P. noinﬁmm with the focus, so

32a

ae = ——

157
or 32

E=e——<1 = Ans.

15m
“Example 32. Show fhe depth of

_*. £ m
= g £ :

Aﬂfhv DGW@“& __mm a

_HHOU‘._ ﬁ.: Y = r Y

/]

(Where x =

(by using gamma fun

V (a@“
L]

{{ g

the area included bett
etween th
Ta + 16b h -l

. » the asymptote bein
i the surface and the plane of the curve ver; 4 3nh + 44 ymptote bein
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Centre of Pressure of a Plane

Zﬁ._.r__..- ﬁﬁ....__._mu__r.__ﬁﬂ an _m ____....—.__.___“.J..;...__;__.._ _J:._._—._ Ol _J_.ﬁ.;.._“.:j ._m.__‘ﬂ. at a __H:,,_ﬁ...:.._ X
2y dx and depth of the strip below free su rface=x — b.

the stTip =

ared of
il =F ds = pressure on the strip = pg (x — b).2yox.
By symmetry ¥V = 0,
w...n &mﬁ:._ of C.P. below the asymptotex =b
= .-\ﬁ.____ .-. __t__ _q_ __.m._... vqu ___u,_._ ._._ﬂﬂ _”.._F. L & Tu_.m_.: :_T
‘—_: ds .—_:x (x — b)2y ds
£ .—f. — b)*y dx
.:H —b) ydx
Now (1) 18
x —acos@=b or x —b=acosh,dx =—4a sin0do.
y=r sin® = (g + bsecO)sinBasr =a + L8 O)
n/2
2 2 : .
.—m cos”0(a + b sec 0) sinb.a sin @ do
_ 0
n

/2
.? 5in*0 cosH do

Area

above the orlg

x/2 /2
.T._ 5in®cosb do + .Tummhm@ a0
0

)y 111

n. The

0
) m I m ﬁﬁwﬁﬁw
w:um;w _mm
i A .mlu inwnnlﬂ.wmw
— .H,J.. - .
o7 3 . i_& 3\ 4 3bm+4a
a 2 +b 2 2
T W 21°(2)

cular lamina is compl
A of the bounding diameter is i

le 0. Prove that

Example 33. A semi cir
vertical, so that the extremity

makes with the surface an ang
between AE and the diameter.
31t + 16 tanC

J t = -
40 h 16 + 157 tanc

_
Sol. Let A be taken as origin and AX, the

Hence the equation of the circle is

y = 20 cosb.

etely immersed 1n
the surface, and the diameter

if E be the centre of pressure and

water with its plane

O the angle

bounding diameter, as the axis of x.

(1)




makes an

AXand A

with free surface,
ment below free surface

-y sin(® + ).
« dT =p ds = pressure on the

element = pgr sin(@ + a)r 66 Or.
If (v , /) are the co-ordinates of the centre pressure E referred to (AX, Ay o

then

the ele

about @ point P(r

HNZ%“..NI” 0
X

angle

Xmakes an m:m_m ol
the depth of

]

n/22a cos6
% ._. rsin@.pgr sin(@ + o) r do.dr
)

ﬁ\_MMn cos
| [rcosb.pgrsin® + a)r d6 dr
0 0

..mn_.,Mc

4

r : |
[ sin®sing + o) do
1 g
n/2[ 4772a cos

r
W. 4|  cosOsin@+a)de

Il

Tmmmfm@ /2
6 o

0
_Jﬁwvﬁq w
2) \2
21, Sing

nﬂmm.u +

triang

Tk

Le

Let

le.

dlng

Let

Fmdm




